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Inviscid, Nonadiabatic Flow About Blunt Bodies

K. H. Wirson* axp H. Hosuizaxrt
Lockheed Missiles and Space Company, Palo Alto, Calif.

A solution is obtained to the inviscid, nonadiabatic flow field that results when energy loss
by radiation becomes significant. The approach taken is to include the radiation term in
the energy equation and solve the resulting conservation equations for the flow past a blunt
body using an integral method. No restriction is placed on the magnitude of the radiation
term. The shock-layer gas is assumed to be optically thin. This reduces the radiation term
to a local energy-loss term, independent of the state of the gas in other portions of the shock
layer. This assumption is valid for the majority of practical re-entry conditions. Numeri-
cal results were obtained for the flow about a sphere at freestream velocities between 30,000-
60,000 fps and an altitude of 200,000 ft. The solutions show the radiation loss to have a strong
effect on the shock-layer enthalpy profiles and the shock standoff distance. The reduction in
the radiative heat flux at the stagnation point from the adiabatic value is shown to be a strong
function of the radiation loss parameter I When I' = 0.5, the stagnation-point radiative
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flux is reduced by 50%.

Nomenclature

velocity profile coefficients

enthalpy profile coefficients

blackbody intensity, ¢7'*/=x

blackbody emissive power, =B

velocity function

enthalpy function

static enthalpy

radiative intensity

conservation of mass integral

conservation of z-momentum integral

conservation of energy. integral

source function

characteristic length (R for sphere)

static pressure

radiative energy flux

radius measured from body centerline

body radius

distance measured along direction of a ray

dummy variable in intensity integration

temperature

velocity component parallel to body

freestream velocity

velocity component normal to surface

body-oriented coordinate system

mass absorption coefficient

radiation loss parameter

shock-layer thickness

transformed shock-layer thickness

difference between body and shock angle

Dorodnitzyn variable

body angle

body eurvature

1+ Ky

absorption coefficient

parameter characterizing planar or axisymmetric geom-
etry

density

density at standard conditions, 1.29 X 1073 g/cm?

Stefan-Boltzmann constant

optical depth

shock angle

golid angle
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Subscripts

stagnation point

Planck mean

wall quantities

quantities immediately behind shock
freestream condition

quantities taken along a specified solid angle
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1. Introduction

EN TRY velocities and trajectories of interest for planetary
missions produce conditions that result in large rates of
thermal radiation from the shock layer about a blunt-nosed
body. For such re-entry conditions, the gas in the shock
layer loses a significant fraction of its total energy by thermal
radiation, and the flow may no longer be treated as adiabatic.
In this paper, the nonadiabatic character of the flow is in-
vestigated by analyzing the coupled radiation and gasdynamic
processes occurring in the shock layer. The flow field about
axisymmetric and two-dimensional bodies is determined for
cases where the shock layer is assumed to be inviscid and in
complete thermodynamic equilibrium but where energy
transfer by radiation is comparable to convected energy
transport. The effect of nonequilibrium thermodynamic
process may be significant for some of the flight conditions
investigated. However, it is reasonable to consider only
equilibrium flows initially leaving the nonequilibrium prob-
lem as a logical future extension of the analysis. The analysis
is restricted to shock layers that are sufficiently optically
thin so that self-absorption of radiation is negligible.

Early work on radiating shock layers considered problems
where it was possible to uncouple the gasdynamic and radi-
ation processes. Goulard! considered the stagnation-region
flow for cases where the energy lost by thermal radiation is
a small fraction of the total energy in the flow. Similarly,
Bird? and Kennet® considered radiating flows around blunt
bodies where the flow field is given essentially by an adiabatic
solution. In a more recent report, Yoshikawa and Chap-
man* considered flows where a significant fraction of the
total energy is-lost by thermal radiation and, in addition,
considered cases where self-absorption is important. How-
ever, their analysis is restricted to one-dimensional flows.
It will be demonstrated later that the two-dimensional
nature of the flow about blunt bodies yields temperature
profiles through the shock layer which are fundamentally
different from those predicted by a one-dimensional treat-
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Fig.1 Upper and lower estimate of high-temperature air
emissivity.

ment. Finally, Howe,® who has analyzed fully coupled
radiation-viscous gasdynamic flows, restricts his analysis
to the region of the staghation point of a blunt-nosed body
and assumes local similarity to exist. The shock layer is
assumed to be completely viscous. Numerical solutions to
the appropriate conservation equations yield both the
radiative and convective heating rates with full coupling
taken into account.

2. Discussion of the Problem

2.1 Inviscid Flow Field

The approach taken in the present analysis is to consider
the direct inviscid blunt-body problem (i.e., where the body
shape is specified). The primary objective is to determine
the over-all flow-field characteristics (shock shape, surface
pressure distribution, ete.) and the radiative heating dis-
tribution about the body. Accordingly, an integral method is
used which follows the basic approach of Maslen and Moec-
kel.8 The energy equation, however, is modified to include
the radiative transport term. The analysis is simplified
by retaining only terms of O(e) or lower (e is the density ratio
across the shock) in combining the governing conservation
equations. The neglect of the higher-order terms in ¢ has
profound effects on the ease of integrating the total differ-
ential equations that result from an integral formulation.
A unique feature of the method is the manner in which the
shock shape is determined. The method used is an iterative
scheme in which the shock shape at each iteration is com-
pletely specified in terms of data generated from the previous
iteration. An initial guess at the shock shape is obtained by
assuming the shock wave to be concentric to the body. The
shock shape, together with additional boundary conditions, is
sufficient to determine the flow field and a new shock shape.
The method yields a shock shape that converges in about
three iterations to within 19, of the previously calculated
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values. Hence, in the final analysis, no a priori information
about the shock is required.

2.2 Radiative Transport Term

Before dealing with the radiative transport term, it is
appropriate to discuss the radiative properties of air. At
present, there is considerable disagreement between various
investigators on the theoretical predictions of the emissivity
of air in the important temperature region above about
12,000°K. FEarly work by Meyerott? resulted in the data
shown by the solid curves in Fig. 1. This early work neg-
lected the contributions from atomic line transitions. Recent
calculations by Armstrong® have shown that the line transi-
tions dominate the emissivity at about 24,000°K, and the
calculations of Steward and Pyatt? indicate that atomic lines
are significant contributors for temperatures at least as low
as 18,000°K. In addition, Breene® has calculated the
continuum contribution to the emissivity including photo-
ionization in the wavelength region from 0.05 to 0.20 u.
Breene shows a significant contribution to the emissivity
from this spectral region. In view of the lack of experimental
verification of either the early or recent theoretical predic-
tions, an upper-bound estimate (shown as dashed curves in
Fig. 1) has been generated using the maximum reported
emissivity in various temperature regions. Hence, Fig. 1
presents both lower and upper estimates of the emissivity of
high-temperature air. Both sets of emissivity data are used
in investigating the radiant energy loss from the shock layer.

The conditions under which the radiant energy loss from
the shock layer is significant will be determined for both the
upper and lower estimate of the emissivity of air. The
radiant energy loss is important if the amount of energy lost
by a fluid particle in time ¢, after crossing the bow shock, is
a significant fraction of the initial total energy of the particle.
That is, we consider the ratio

¢
f vV -g.dt
Jo

pﬁuw2/2

where V - ¢, is the net local radiant energy loss rate (emission-
absorption). For negligible self-absorption in the shock
layer, a cold wall, a constant particle velocity, and a constant
emission rate behind the bow shock, the foregoing relation
can be written as

T

Clearly, when T' is of O(1), the flow must be considered to
be nonadiabatic. In fact, nonadiabatic effects should be-
come significant when T' = O(5%). The velocity and alti-
tude region where I' = 0.10 for a shock-layer thickness of
1 in. is presented in Fig. 2. The shaded region reflects the
differences in the radiative properties of air as given in Fig. 1.
An examination of Fig. 2 indicates that significant nonadi-
abatic effects can be present for flight velocities and altitudes
of practical interest, using either set of emissivity data.

In Fig. 2, we also present the Planck mean free path A, for
air behind a normal shock at the indicated velocities and
altitudes, using the data of Fig. 1. It is clearly seen from
Fig. 2 that, for most conditions where the radiation energy
loss from a 1-in. shock layer is significant, A, > 10 in. This
means that the optical depth 7 of the shock layer

"1 W
o=

(or, assuming constant shock-layer properties, 75 = 8/\») 15
much less than unity, 75 « 1. For adiabatic flows, this
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condition is sufficient to neglect self-absorption (the optically
thin approximation). We consider next the radiant energy
loss term for nonadiabatic flows.

The physies of radiative transfer is well developed by astro-
physicists (see, for example, Refs. 11-13), and Kourganoff!*
is an excellent reference on the mathematical treatment of
the equation of radiative transfer in plane-parallel atmos-
pheres. Two summaries of the equations of radiative
transfer and their application to gasdynamic problems are
found in Refs. 15 and 16.

Analysis of the radiative transfer equation for the case
of an isothermal shock layer shows that, in the optically thin
limit (75 < 1) and assuming a cold wall, B[T,] « B[T5], the
radiative flux divergence term is

V-q. = 4mpB[T5] (2)

where B is the blackbody intensity, and 7', and Ts are the
wall and isothermal shock-layer temperatures, respectively.
Equation (2) is the familiar expression for the radiation
energy loss for the case of an isothermal shock layer. It is
valid when 7; is sufficiently small that the self-absorption term
is negligible and, in addition, when the wall is very cold.

For the nonadiabatic flow under consideration, the validity
of Eq. (2) must be critically examined. With radiation
energy transfer, the shock layer is no longer isothermal. In
fact, it is shown in the Appendix that, if we use Eq. (2), the
gas temperature goes to zero at the stagnation point. Then,
the local blackbody function used to determine the radiative
intensity cannot be considered constant. This means that,
in regions of the shock layer where the gas is relatively cool
(and hence the local blackbody function relatively small), the
absorption term in the flux divergence expression contains
contributions from hot portions of the shock layer. Hence,
it is no longer possible to judge the importance of the ab-
sorption term on the basis of the optical depth parameter
75 alone. As an upper bound on the importance of the con-
tribution to the radiative intensity from the hot portions of
the shock layer, we calculate the absorption term using the
maximum blackbody emission in the shock layer, B[T5].
Under this condition, again neglecting the wall emission
B[T.],

V¢ = 4wuB|Ticcat] — 2muB[Ts]7s

where the second term 2w uB[T;] 75 is the absorption term.
We now see that it is no longer adequate to have r; « 1 in
order to neglect the second term but, rather, we require§

BT oen
ry > Lt

BlT;sl7: < B[T1oca1l or B[-T;T 3)

However, since the gas temperature (and hence B[T]) ap-
proaches zero at the wall when we use Eq. (2), there will al-
ways be some portion of the shock layer in which Eq. (3)
is not satisfied, and at that point Eq. (2) should be modified.

Fortunately, the solutions for the temperature profile show
that in only a small portion of the shock layer is the tempera-
ture low enough to cause the missing terms in Eq. (2) to be
important. This means that, although the temperature as
well as the enthalpy very close to the wall is not valid, the
basic structure of the flow field is correct. In particular,

1 The need for evaluating Eq. (1) spectrally and demon-
strating that =, < 1 for all frequencies » of interest is recognized.
This requirement is particularly significant if atomic lines
dominate the absorption coefficient. In view of the tenuous state
of air-emissivity predictions, however, it is felt that an examina-
tion of the spectral behavior of the radiation transport term
is presently not feasible.

§ The authors are indebted to P. D. Thomas of the Lockheed
Missiles and Space Company Research Laboratories for pointing
out that this additional restriction is necessary in order for Eq.
(2) to be valid.
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the small region of inaccuracy in the temperature does not.
significantly affect the over-all conservation of mass, momen-
tum, and energy across the shock layer, which is the basis
of the integral method of solution.

3. Method of Solution

3.1 Conservation Equations

The governing equations are formulated in terms of the
body-oriented, boundary-layer coordinate system depicted
in Fig. 3. Following Ref. 6, we normalize all variables by
the following choice of nondimensional quantities:

U = 0/ V= 7/€llo
z = /L y = §/eL
p = p/Bso P = P/ Polie’
H = 0/@.2/2) b= h/(.2/2) )
K =KL 8 = &/l
r=F/L o = 0/ Qles
T = T/Tws

In terms of these nondimensional quantities, the conserva-
tion equations are the following:
Mass

@rpu/oz) + @Erou/dy) = 0 5)
x Momentum
pu(du/dx) + Kov(uv/dy) + eKpuv — e(0p/ox) =0 (6)
y Momentum
epu{Ov/dz) + eKpp(u/dy) — Kpu? + K@@p/oy) =0 (7)
Energy
pu(QH /3z) + Kpv(@H/dy) + BKpaT* = 0 (8)

where

R =1+ Ky (9)

In the energy equation, we have introduced the mass ab-
sorption coefficient

a=pu/p (10)
and the nondimensional energy ratio
BO = Siaref6T4ref/um3 (11)

For further convenience, we express Eq. (5) as

d(r/rw)?ou . OK(r/ry)?pv r\ pudre
s SROR 1 (LY 22 g )

T dx

3.2 Integrated Form of the Conservation Equations

It has been demonstrated in Ref. 6 that the adiabatic
blunt-body flow field can be calculated by integrating the
mass, z-momentum, and energy equations across the shock
layer and solving the resulting total differential equations.
In terms of the optically thin formulation of the energy
equation, the integral method carries over to the nonadiabatic
case in a straightforward manner.

One can show quite generally that integrating the mass
conservation equation [Eq. (5)] and applying the v-velocity
boundary condition at the shock in terms of the known
shock angle is completely equivalent to satisfying an over-
all mass balance. That is, we equate the incoming mass
flux to that passing through the shock layer of any station
x and obtain the relation

5
re Tl = (v + l)j:) pur dy
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or, upon dividing by psusrs”’, we have

1 rs\* T (75 .
»+1(r:> (;5)—10 (13)
_(frye(x
LG o

The effects of shock-layer density variations can be re-
duced significantly by introducing the Dorodnitsyn variable

defined by
v(rY (P v(ry (2
LGN G GG

77,= s/ir\N'(p - ) (15)
J; (") (5) W

where &(z) is the transformed shock-layer thickness. In
terms of the variable , Eq. (13) remains unchanged, and

Eq. (14) becomes
- 1
Iy=5 ﬁ) (;‘—) dy (16)

The z-momentum equation can be put into a form suitable
for integrating across the shock layer by rewriting Eq. (6)
with the aid of Eq. (12). The pressure gradient dp/dzx is
obtained in terms of the gradient at the shock and the pres-
sure derivative in the y direction. That is, we write

op _ dlyp/ox)] %
oz oy ybxby

where

where the last term on the right is obtained by differentiating
the y-momentum equation. From Eq. (6), it is seen that
the pressure gradient term is itself of O(e), which means
that only terms of O(1) need be retained in Eq. (7) to have
the analysis valid to O(e). The result of these manipulations
is

d(r/ro)’put | OK:(r/r,)p'uwv

ox oy

Y e | g dnrs) ‘&{J ol,%] _ :
<7‘w> ou l:le iz &g —{—eay ybx 0 17

Equation (17) can be readily integrated across the shock
layer to yield, using the » variable,

d[1 2[1 dua Ts ”d5 EdK"‘ 1 u \2
dx+ us dx *<rw> dv ~ da 5fO (ua> X
(22 e hin + &2 () 22
[fo (P)dﬂ :’dn_i_Ké (m) Us +

v 1 uy o\ _
s fo K<u6> dn + € (m),s" 0 (18)

-+

where

- 1 [/ u\2

Similarly, the energy equation can be put into a form
suitable for integration across the shock layer by rewriting
Eq. (8) with the aid of Eq. (12), resulting in

Pe ] r\” Po) '\’
a—x[(rz) "“H] +a—y[<f) KP”H] X

(F) 2ttty (2) Rewars =0 0)

Tw re dx Ty
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which, upon integration and introduction of the 5 variable,
yields

dl, 1 dus vy dr, rs\” dé
dz Tt l:uad—x +rw dx :I B <rw> dx+

s\ 5 ¥ = 1
(f’) Kai + B fo Ra,Ttdy (21)

w

where

= {f1/u H

It will be noted that, contrary to the usual procedure used
in boundary-layer analysis, the term v; is retained rather
than eliminated through use of the integrated continuity
equation. This approach is simply more convenient because
of the availability of v; through the shock boundary condi-
tions.

3.3 Boundary Conditions

The oblique shock relations provide the velocity com-
ponents and pressure immediately behind the shock:

us = sing + £ cos¢ (23)
vs = —cos¢ + (£/€) sing (24)
ps = (1 — €) cos?¢ + O(e?) (25)

where, according to the geometry of Fig. 3,
e — ¢ —tan| dj]
f=0-9¢=tan [(1 T Ko) da
(26)
£ = e(dé/dx) + O(ed)

An additional boundary condition can be obtained by
evaluating the energy equation (8) immediately behind the
shock. Since the total enthalpy immediately behind the
shock is a constant, Eq. (8) reduces to

From Eq. (15), the y and 5 variables are related by
§dy = (rs/ru)¥dy at y =48

43
ton { = e sax.

X
8+ (1+x S)ton £ dx+ 3,
4]
r=r,+y siné

Fig. 3 Body-oriented coordinate system.
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from which we obtain 60
B ESTIMATED VALUE, 1ST ITER: e
dH coséBedaT* ESTIMATED VALUE, 2ND ITER\/ v
Tn = T cosprare)” at g =1 27 50| ESTIMATED VALUE, 3RD ITER. P
K €os$(rs/ T CALCULATED VALUE, IST ITER: =
. CALCULATED VALUE, 2ND ITER. z
In the Appendlx, We demqnstrate that the use of Eq (2) E 40 | CALCULATED VALUE, 3RD ITER Z
in the energy equation requires that the temperature and, =] v
hence, the static enthalpy approach zero at the stagnation © s
point. Since no energy absorption processes are considered, g 30| 5
the static enthalpy must then remain zero along the entire z 5
body streamline. IHence, we require % 20 y SPHERE
_ _ e I 7 e = 50,000 FPS
h=0 —at 7=0 (28) % // ALT=190,000 FT
If we allow the static enthalpy to be zero along the body 1o / ¢/L"LOWER ESTIMATE
streamline, the density must become unbounded, since the
pressure is finite. Under these conditions, the only wall | | 1 | | |
velocity condition that is consistent with the z-momentum % 10 20 30 50 60 70

equation at the wall,
pu(du/dz) = dp/dx

where dp/dzx is finite, is the requirement that the wall ve-
locity be zero everywhere. Physically, this is consistent
with the zero static energy at the stagnation point. For, if
the static enthalpy, and hence the temperature, is zero, the
fluid particle loses all its energy and cannot expand about the
body.

Since a linear velocity profile is used (see the following sub-
section) with only a single boundary condition specified at
the shock, the solution does not yield this zero veloecity
condition. However, the failure of this wall condition is not
serious, since the zero velocity result is not realistic. More-
over, any real effect of a velocity decrease near the wall is
limited to a relatively small portion of the shock layer, where
its effect on the integral method is negligible.

3.4 Velocity and Enthalpy Profiles

An examination of tangential velocity profiles for adiabatic
flows®, 7 indicate that the profiles can be closely approximated
by a straight line. In the present analysis, the radiation
cooling effect can produce large density gradients that may
significantly alter the profiles from the adiabatic case. How-
ever, in the transformed coordinate system, the effects of
density gradients are greatly reduced. Therefore, it is felt
that the velocity profile in 5 can adequately be represented by
alinear profile¥:

w/us = ap + an (29)
where the boundary condition at the shock,

l=a+a (30)

is used to eliminate one of the coefficients in Eq. (29).

The total enthalpy profile will vary considerably, de-
pending upon the amount of energy loss and the location
about the body. For nearly adiabatic flows, the total
enthalpy is essentially constant at the shock value, except
for a narrow region near the body where large gradients exist.
Two profiles have been selected to assess their ability to
produce the expected total enthalpy profile for nearly adi-
abatic flows:

H/Hs = by + by + boy? + ban® @
H/H; = bins + by/n¥s + b/qgi2 + b, (1)

The boundary conditions used to evaluate the coefficient
are H/Hs = 1 at n = 1 and Eqgs. (27) and (28). For the

T 1t should be noted that a quadratic profile in » was investi-
gated for a spherical body, using the velocity derivative at the
shock to eliminate the additional coefficient. The resulting
profile was essentially linear in 5, although, for large values of
z (body angle & = 60°), the wall velocity was too low.

40
BODY ANGLE, 8 (DEG)

Fig. 4 Shock angle convergence.

special case of an exact adiabatic flow, profile I was used, but
with boundary-condition equation (28) deleted and the
order of the profile reduced to a quadratic.

4. Numerical Solution

Basically, the integral method requires that we determine
shock-layer thickness and a given coefficient in both the
velocity and total enthalpy profile so as to preserve conserva-
tion of mass, momentum, and energy in the large at each
station about the body. In particular, at each point about
the body, the integrals Iy, Iy, I» are calculated, and, together
with the boundary conditions, these determine & and the
a’s and b;’s. The 75 transformation, Eq. (15), is then in-
verted to obtain the physical shock thickness.

The determination of Iy, I, and I, is the essential part of
the calculation. The integral Iy is obtained directly from
Eq. (183). However, I, and I, must be obtained by integra-
tion of the differential equations (18) and (21), which are
statements of momentum and energy conservation between
successive body stations. Both Eqs. (18) and (21) are first-
order equations that can be solved as an initial value problem
starting at the stagnation point. This condition, as pointed
out by Maslen and Moeckel,® is a result of the effectively
parabolic nature of the governing equations when terms of
0O(e?) are dropped from the y-momentum equation. Since
the shock shape is specified, quantities like 0p/0x| y—5 that
involve the shock curvature and, hence, terms containing
d%/dx?, are known. The combined effect of reducing the
equations to O(e) and specifying the shock shape permits
a straightforward integration of the flow field.

An iteration procedure is used to determine the shock shape.
The operational method used specifies the shock angle ¢
as a known function of the surface coordinate. Since the
solution is more strongly dependent on the shock angle
(i.e., on d8/dz) than on the standoff distance 8, the iteration
scheme is based on a convergence of the shock angle. Figure
4 shows the results of this iteration procedure for flow past
a sphere at a flight velocity of 50,000 fps, an altitude of
190,000 ft, and the lower emissivity estimate shown in Fig. 1.
The estimated and calculated shock angles for each iteration
are shown. For large body angles, the solution (ie., the
caleulated ¢ values) is quite sensitive to the estimated shock
angle. In order to avoid potentially unstable oscillations,
the estimated shock shape for each iteration is adjusted to
a physically meaningful value. This procedure also enhances
the shock convergence. For the case shown in Fig. 4, the
estimated and calculated shock angles for the third iteration
agree within about 29, which is judged sufficiently con-
verged for most purposes.
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Fig. 5 Comparison of adiabatic solutions (u. = 30, 000
fps, altitude = 200,000 ft).

At the stagnation point, Eqgs. (18) and (21) are singular
since us — 0 as z — 0. By applying symmetry arguments
to Eqgs. (19) and (22), we find that dI,/dx and dl,/dx are zero
at the stagnation point, and, of course, the shock wave is
symmetric so that dé/dex = 0 at ¢ = 0. These conditions
together with a specified shock curvature at x = 0 are suffi-
cient to define all stagnation-point values.

The exact thermodynamic properties of equilibrium air
were used in obtaining the numerical results discussed in the
next section. The correlations of Viegas and Howe's were
used for temperatures below 15,000°K. Data calculated by
Lockheed!® were used to extend the NASA correlations to
temperatures as high as 20,000°K and for pressures ranging
from 0.01 to 10 atm.

5. Discussion of Results

Numerical solutions were obtained for the flow around a
sphere and a 30° hemisphere-cone at flight velocities be-
tween 30,000 and 60,000 fps for flight altitudes of 190,000
and 200,000 ft. In Fig. 5, an adiabatic solution obtained
by the present method is compared with the inverse numeri-
cal solution of Lomax and Inouye.? This adiabatic solution

1.0

7
B 9=0// I 8=30/ B 8=60

<«
= 4

0 10 ©
VELOCITY (u/ug)

—— €/L. FROM FIG.{
H/Hg PROFILE 1
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0
STATIC ENTHALPY (h/hs)

10 0 10 ©
TOTAL ENTHALPY(H/Ha)

Fig. 6 Effect of energy loss on shock-layer profiles (u- =
50,000 fps, altitude = 190,000 ft, R, = 5 ft).

K. H. WILSON AND H. HOSHIZAKI

ATAA JOURNAL

was obtained using a quadratic for the total enthalpy profile.
No conditions were imposed to force the total enthalpy to
remain constant. Instead, the total enthalpy profile was
calculated as in the nonadiabatic case, since one purpose of
obtaining an adiabatic solution was to determine how closely
an exact adiabatic solution could be approximated using the
integral method. The shock shape and surface pressure
distribution are in excellent agreement with the exact nu-
merical solution. The deviation is less than 29, over the
portion of the body (6 < 40°) for which data are available.
The velocity profile at a body angle of 40° differs only slightly
from the numerical solution of Lomax and Inouye. In
general, the integral solution is in good agreement with the
exact numerical solution. Hence, the integral method can
be used to calculate the over-all flow-field characteristies
and radiative heat transfer to the body for both adiabatic
and nonadiabatic flows.

Solutions were obtained for the nonadiabatic flow past a
sphere using the two enthalpy profiles shown in Sec. 3.4 for
the case of u, = 50,000 fps and an altitude of 190,000 ft.
The lower emissivity estimate of Fig. 1 was used for these
two cases so that only a small amount of energy loss occurred
which yields a nearly adiabatic flow-field situation. Profile
II, the inverse polynomial, produced the best results, in that
the total enthalpy distribution through the shock layer was
always less than the maximum value at the shock. This was
not the case for the total enthalpy distribution obtained
using profile I. The velocity distribution and shock shape
were quite insensitive to the profile selection. When a case
involving a substantial amount of energy loss from the shock
layer was investigated, the enthalpy distribution in the
stagnation region from profile IT was unrealistic. - However,
profile I produced an enthalpy distribution in the stagnation
region which closely approximated the distribution obtained
from an analytic solution along the stagnation streamline.?!
These results indicate that profile 11 should be used when
the energy losses are moderate (I" ~ 0.1), whereas profile I
should be used when the energy losses are substantial (I" ~ 1).

The effect on the shock-layer flow field of increasing the
amount of energy loss at fixed flight conditions was investi-
gated by using the upper and lower emissivity estimates.
For flight conditions of u., = 50,000 fps and an altitude
of 190,000 ft, the two emissivity estimates resulted in a dif-
ference of about an order of magnitude in degree of the energy
loss. Tt was found that, for the high energy loss case (I' ~
2.3), shock standoff dlstance decreased by approximately a
factor of 2 from the adiabatic value, demonstrating a strong
coupling of the over-all flow field to the radiation field. The
effect of the increased energy loss on the detailed structure
of the flow field is shown in Fig. 6. Increasing the energy
loss has little effect on the normalized veloecity distribution
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Fig. 7. Radiative heat-transfer distribution normalized
to adiabatic stagnation-point value (u. = 50,000 fps,
altitude = 190,000 ft, R, = 5 ft).
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but significantly alters the total and static enthalpy dis-
tributions. Finally, it should be noted that the boundary
condition on the static enthalpy at the wall h(y = 0) = 0,
in effect, creates a radiation-cooled layer near the body
surface. The extent of this region should depend on the
degree of energy loss. That this is indeed the case is demon-
strated by the total enthalpy distributions in Fig. 6.

The quantity of primary interest, namely, the radiative
heating rate to the body surface, is shown in Fig. 7. These
heating rates were obtained by assuming that, locally, the
shock layer is approximated by an infinite plane slab with a
nonuniform emission profile. The loss of energy by radiation
results in substantial reductions in the radiative heating to
the body. For the flight conditions shown in Fig. 7, the
heating rates are reduced by 30 and 85% for the upper and
lower emissivity data shown in Fig. 1. The reference
quantity (¢s)ed:anstic i the radiative heat rate obtained using
the adiabatic shock detachment distance and the adiabatic
shock-layer temperature. Approximately one-third to one-
half of the reduction shown in Fig. 7 is due to the reduction
in the shock detachment distance. The remainder is, of
course, due to the increase in the local emission rate.

Note that the form of the total enthalpy, although having
significant effects on the shock-layer profiles, has a small
effect on the radiative heating. This can be explained on
the basis that the radiative heating depends on an integration
of the static enthalpy across the shock layer.

The radiative heat-transfer distribution about the body,
normalized to the respective stagnation-point value, is pre-
sented in Fig. 8. These distributions have the rather sur-
prising feature of being insensitive to the magnitude of the
radiation cooling effect. The relative amount of energy
loss in the shock layer (i.e., the difference of the total energy
flux from the adiabatic shock-layer value) decreases about
the body. This effect is observed in the “filling-out’”’ of
the total enthalpy profile (Fig. 6) at increasing distances
about the body. The recovery of the total enthalpy profiles
toward the adiabatic levels might be expected to yield a
radiative heating distribution about the body which decays
less rapidly than the adiabatic distribution. As seen in
Fig. 8, this is not the case. Examination of the emission
levels through the shock layer at various body locations dis-
closes the reason why the radiative cooling effect persists
about the body. For an adiabatic flow, the local emission in-
creases toward the body so that a large portion of the heating
comes from the hotter gas near the swface. However, for
a nonadiabatic flow, the gas near the body has passed through
the stagnation region and has lost a significant amount of
energy. Therefore, for a nonadiabatic flow, the portion of
the shock layer which would radiate the strongest is consider-
ably cooled. This cooling explains the persistence of the
reduced radiative heat transfer about the body.

The reduction in the stagnation-point radiative heat flux
from the level obtained from an adiabatic (isothermal) shock
layer is shown in Fig. 9. The results are plotted as a func-
tion of the radiation loss parameter I" since, in the stagnation
region and for the optically thin approximation, the effect of
the radiant energy loss is determined principally by I'. An
examination of Fig. 9 shows that the data fall on a single curve
when the T' parameter is used. The integral method is in
good agreement with Howe’s stagnation-point solution.
From Fig. 9 it can be seen that, even for I' as low as 0.1, the
nonadiabatic effects on the radiative heating are significant.

Appendix

The velocity component normal to the body » is zero at
the body surface. Hence, near the surface, the normal
velocity can be expanded as the Taylor series

n

v= 3 ay’ (A1)

i=1
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For y sufficiently small, but finite,
v = dy/dt = —ay (A2)

where ¢ is a constant and ¢ denotes time. Therefore, the
time for a fluid particle to move from y, to y;, where y, and
y1 are small but finite, is

b = to — In(y1/y0) (A3)

As the fluid particle approaches the body surface (y, — 0),
the residence time approaches infinity.

We consider, now, the behavior of a fluid particle from a
Lagrangian viewpoint. The Lagrangian energy equation is

Dh/Dt,oy = —4rwaB (A4)

Since the particle takes an infinite time to reach the wall,
it must reach a steady-state condition at the wall:

Dh/Dt) pars — 0 as y—0
However, the only way it can reach a steady-state condition
is to have the emission term in the energy equation, the right-
hand side of Eq. (A4), go to zero. This requires that the
fluid particle have zero temperature (or enthalpy). Physi-
cally, the reason for this zero-temperature result is clear.
Since a fluid particle takes an infinite time to reach the wall
and since no absorption mechanisms have been included,
the particle radiates away all of its energy.

It was pointed out in Sec. 3 that Eq. (A4). cannot be valid
near the wall. If the gas becomes cold enough, even for a
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very optically thin shock layer, the absorption at the wall
emission must be included. Then Eq. (A4) becomes

Dh/Dtyry = —4wa[B — (Bw/2)] (AB)
and, as a steady-state condition is reached, we require
B — B,/2 or T — (HyvT, (A6)
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